PaBHOMepHoe npH6jiH:»ceHHe nepno^HHecKHX 4)yHKii,HH 
TpHroHOMGTpHHecKHMH cyMMaMH cneLi;HajibHoro BH^a^ 



A.C Cep^ioK, E.K). Obchh 
HHcmumym MameMamuKU HAH YKpaunu, Kuee 



AHHOTaLl,HH 

B pa6oTe HsynaioTCH annpoKCHMai^HOHHbie CBOHCTBa TpHroHOMeTpHHecKHX cyMM 
Un,p cneu;HajibHoro BH^a na Kjiaccax (-0, /3)-flM4)4)epeHLi;HpyeMbix (b CMbicjie Ctb- 
naHii,a) nepHO^HHecKHX 4)yHKii;Hit Ct ^. Bcjie^cTBHe corjiacoBaHHOCTH MeyKjxy na- 

p ,Cxj 

paMeTpaMH annpoKCHMai^HOHHbix cyMM h npnGjiiiJKaeMbix KjiaccoB b flocTaTOHHO 
o6ru,eH CHTyaii;HH yflaeTca nafiTH pemeHHe cooTBeTCTByiomefi sa^aHH KojiMoropoBa- 
HHKOJibCKoro. HoKasaHO, hto b pa^e BaJKHbix cjiynaeB paccMaTpHBaeMbie cyMMbi 
Ha Kjiaccax o6ecneHHBaioT 6ojiee bbicokhh nopH^OK npnGjiHJKeHHH b MeTpHKe 

npocTpancTBa C no cpaBnennio c cyMMaMH Oypbe, SnrMyn^a n Bajijie Ilyccena. 
YKasan flnanason napaMeTpoB, b npe^ejiax KOToporo cyMMbi Ut,p flocTaBjiHioT no- 



oo ■ 



paflOK nanjiynmero paBnoMepnoro npnGjiHJKennH KjiaccoB 

1 BBe/i,eHHe h nocTanoBKa 3a/i,aHH 

riycTt. C — npocTpancTBO HenpepB.iBHB.ix 27r-HepHO^HHecKHX 4)yHKn;Hii /, b KOTopoM Hop- 
Ma onpe;];eji5ieTca (jDopMyjioil ||/||c = max 

X 

PaccMOTpHM Kjiacc C^oo [10] HenpepBiBHtix 27r-nepHO^HHecKHX (|)yHKn;HH f & C, p^Jis 

KOTOpblX HpH /3 G M H Sa^aHHOH HOCJieflOBaTejIBHOCTH Ipik) {k G N) ^eHCTBHTejIbHblX 
HHCejI, pHfl 



5iBji5ieTCH pa^OM Oypte neKOTopoii 4)yHKLi,HH ip G 6*00, r^e 

Soo = ■ ess sup \(p{t)\ ^ 1}. 
t 

OyHKii;Hio ip HpHHSTo HasbiBaxb {ip, /3)-HpoH3BOflHOH (|)yHKLi,HH / H oGosHaHaxB. Hepes f^. 
ripH ip{k) = k~^, r > 0, Kjiacc ^ coBnaflaeT c KjiaccoM BeftjiH-Ha^a WJ^, a npn 
/3 = r — c KjiaccoM Befljia W^. B cjiynae HaTypajibHbix r h /3 = r, Kjiacc ^ sBjiseTcs 
KjiaccoM nepHo^HHecKHx (|)yHKu,HH, HBH r-e npoHSBOflHtie no Mo^yjiio hohth Bciofly 
ne npeBbimaioT eflHHHii,B.i. Ecjih 

lim k'^ipik) = Vr G M, (1) 



^Pa6oTa HacTHHHO no/mepjKana rocyflapcTBeHHBiM cJ^OHflOM (JjyHflaMeHTajibHbix iiccjieflOBaHHii Yxpa- 
HHbi (npocKT JYa GP/$36/068) 



TO Kjiacc C^oo cocTOHT (cM. [11, Fji. 1, Pasfl. 8]) H3 GecKOHeHHo flH4)4)epeHii;HpyeMt.ix 
(|)yHKii;HH. HpHMepoM nocjie;];oBaTejibHOCTH ip{k), y;];oBjieTBop3ioiri;eH ycjioBHio (1) sbjis- 
eTca nocjie^oBaxejiBHocTb ip{k) = e~°'^'^ , a > 0, r > 0. B stom cjiynae Kjiaccbi ^ Sy^eM 
oGosHanaTb nepes C^'^- Ecjih tp{k) y^^oBjieTBopseT ycjioBHio 

^ i^e-"^ keN, a > 0, (2) 

TO C^oo COCTOHT H3 aHajiHTHHCCKHX (jDyHKii,Hii, peryjiHpHO npo^oji>Kaioiri,Hxca b nojiocy 
|Im2| < a KOMnjieKCHOH hjiockocth. 

Cjie^ya paGoTe [16, c. 147], o6o3HaHHM nepea DJl MHOJKecTBo Bcex nojiojKHTejit.Ht.ix, 
Bt.inyKjii.ix BHH3 4)yHKn;HH ip{t), t ^ 1, y^^oBjieTBopaiomnx ycjioBHio 

lim ^{t) = 

t—^oo 

H nOCTaBHM B COOTBCTCTBHC KaJK^^OH 1p E DJl XapaKTCpHCTHKy BH^^a 

n{t)=rjii;;t)=i;-'(^^m^, t ^ 1, (3) 

r^e — (|)ynKn;Ha, o6paTnaa k Hpn noMon^H xapaKTepncTHKH ri{t) Bti^ejinM 

H3 Wl no^MHoacecTBO F cjie;i,yiotti;HM o6pa30M: 

F = e 971 : 7]'{iP; t) ^ K, Vt ^ 1}. 

KaK noKa3ano b pa6oTe [16, c. 153], b F bxo^st bcc (J)yHKH,HH il^ e ^jih KOToptix 

0<Ci^^^C2, Vt^l, Ci,C2 = const, (4) 

r^e T{t) = T{ip; t) = ri{ip; t) — t. Mhojkcctbo TaKHX 4)ynKn;HH o6o3HanaK)T nepe3 OJtc- 
Bejinnnna T{t) HMeeT npocTyro reoMeTpnnecKyro HnTepnpeTan;Hio, ona paBna fl^jmne npo- 
MCJKyTKa, na KOTopoM 3nanenHe (|)yHKti;HH ilj{t) yMenismaeTCJi poBno b ^Ba pa3a, b cbs- 
3H c 3THM, Bennnnny T(t) ecTCCTBcnno na3BaTi5 nepnoflOM nojiypacna^a (|)ynKn;HH ip. 
HpHMepaMH npnna^JieJKatttHX 0Jt(7, MoryTt. cjryjKHTt., nanpHMep, (|)ynKn;HH BH^a 

ipiit) = t~^', r > 0, ip2(t) = in(f+/3) ' r > 0, (3 ^ 1 VL ^pyrne. MnojKCCTBO F BKjirona- 
eT TaKJKe (cm. [16, c. 153]) no^MnoxcecTBo 9Jt+ Bcex (|)ynKn;HH ip G OJt, j^jis KOTopt.ix 
xap aKTepncTHKa 

r]{t) - t 

HMenyeMaH Mo^yjieM nojiypacna^a, MonoTonno CTpeMHTijCH k 6ecKonennocTH npn t — >■ oo. 
/I,jia tpsii) = e"°*", a > 0, r > 0, r]{ip3;t) = t( ^ + Ij n Tor;];a npn t ^ oo 
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TaKHM o6pa30M ip^ G 971+ C F. CjieflOBaTejrt.no, cpe^n 4)ynKn;HH ip, npnnafljiejKatttnx 
MnojKecTBy F, naxoflHTca 4)ynKn;HH, HMerotu;He CTenennyro CKopocTi^ CTpeMjienna k nyjiro. 
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a TaKJKe xe, Koxopbie cxpeMJiTCJi k nyjiio Gbicxpee jiio6oii cxeneHHoli (^jhkjxvlvi. HpHMep 

(|)yHKIi;HH ■?/'4(^) = in(t+l) ; ^-^^ KOXOpOH ?7(V^4; t) = (t + 1) ^ — 1 , a SHaHHX r]'{ip4;t) =2{t+l), 

noKasbiBaex, hxo MHoacecxBO F MOJKex ne co^epjKaxb (|)yHKii,HH, cxpeM3iri,Hxca k nyjiio 
Me^jieHHee jiroGoii cxeneHHofi (|)yHKii,HH. 

B ^ajibHeHineM, ne yMenbinaH o6iri;HocxH, 6yfleM cHHxaxb, hxo nocjie^oBaxejibHocxb 
ip{k), aa^aiomaH Kjiacc C^oc iiBjiaexca cyaceHHeM na MHOJKecxBe naxypajiBHtix hhccji M 
HeKoxopoii (|)yHKn;HH t ^ 1, h3 MHOJKecxBa F. 

PaccMoxpHM fljia npoH3BOJit>Hoii 4)yHKn;HH / G C cyMMy BH;i,a 

n-1 

Ul^if;x) = Y,XnAk)Ak{f;x), (5) 

fc=0 

r^e 

V?(/i:) (/c G N) — npoHSBOJibHaa mohoxohho Bospacxaromaa k GecKoneHHocxH nocjie^oBa- 
xejiBHOcxb ^eflcxBHxejibHbix HHceji p E N, p & [1,?^], 

:= Qkif) cos kx + bkif) sin /ex, 

H aoif), H — Ko^c|)4)H^HeHXbI Oypte 4)yHK^HH /. 

CyMMBi U!^p{f; x) ripa onpeflejieHHOM Bt.i6ope napanexpoB p h v9(/c) coBna^aiox c xa- 
KHMH KjiaccHHecKHMH cyMMaMH, KaK cyMMbi SnrMyH^^a [19] (npn p = n u (p{k) = /c^, 
s > 0) 

n-1 



n-1 / is\ 

Z:{f;x) = Y,(l--]A,{f-x), s>0, 
k=o ^ ^ 



cyMMbi Oefiepa [3] (npn p = n w ip{k) = k) 



o-n-i(/;a;) 



fc=0 ^ ^ 



cyMMbi BajiJie riyccena [18] (npn pGN, l^p^riH = — -n, + p) 



n-1 



K,p(/;x) = ^ A„,p(fc)Afc(/; 



fc=0 

Xn,p{k) = 



1 , ^ A; ^ n — p, 

^_k-n±p^ n-p+l^A;^n-l, 



cyMML.1 Oypbe (npn p = 1] 



n-1 



fc=0 
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ripH p = n cyMMM U^p{f]x) coBna;i;aioT c Tax HasbiBaeMbiMH o6o6in;eHHbiMH cyMMaMH 
SnrMyHfla [1] (cm., xaKJKe, [4, 8]) 



fc=0 

r^e 93(/c) (/c G N) — npoHSBOJibnaa mohotohho BospacTaiomaH k 6ecKOHeHHOCTH iiocjiej\o- 

BaxejIBHOCTt. fleHCTBHTejIBHblX HHCejI. 

IJ,ejibio ;];aHHOH paGoxbi aBjiaexca HsyneHHe acHMnxoTHHecKoro noBe;];eHH3 npn n — oo 

BejIHHHHBI 

S{Cl^:Ut.,)= sup ||/(.)-f/„^.,(/;-)||c, ^GF, /3GM (6) 

r^e U^^pif;-) — cyMMti lH^^pif;-) BH^a (5) npn v9(/c) = ^^^J^. OxMeTHM, hto ^an- 
Has TeMaxHKa ^jia cyMM Oypte, BajiJie HycceHa h SnrMyH^a ua pasjiHHHBix (|)yHKn;Ho- 
HajiBHbix Kjiaccax HMeeT 6ojibmyio HCTopnio, cBaaaHnyio c HMenaMH A.H. KojiMoropoBa, 
CM. HnKojibCKoro, A.O. THMana, B.K. ^ssfltiKa, CB. CxeHKHHa, H.n. KopnettMyKa, 

A. B. E4)HMOBa, CA. TejiaKOBCKoro, A.H. CTenaHn;a, B.H. MoTopuoro, P.M. TpuryGa, 

B. H. PyxacoBa h MHorux ^pyrnx. ^exajiBHO c HCTopnefi ;];aHHoro Bonpoca mojkho osna- 
KOMHTbca, B HacTHocTH, HO paGoTaM [12, 13, 14] H [15]. 

EcjiH fljia BejiHHHHBi (6) nojiyneHo acHMnxoTHHecKoe paBencxBo, to cctb paBencTBo 
BH^a 

r^e z/(n) = v{n,p^ ip, /3) Hexaii KOHKpeTHaH nocjie^oBaxejiBHocTB, to cjie^ya: A.H. CxenaH- 
ii;y [10] Gy^eM roBopHTb, hto cyMM U^p{f] x) Hafi^^eno pemeHne safl^a^R KojiMoropoBa- 
HHKOjibCKoro Ha Kjiacce ^■ 

Hepefi^^eM k HSJioaceuHio ochobhbix pesyjiBxaxoB. 

2 OcHOBHbie pesyjibTaxbi 

Hmgiot MecTO cjie;];yioiri;He yxBepjKfleHHa. 

TeopeMa 1. Uycmh ^ F, /3 ^ M., n,p E N, p ^ n. Tosda npu — )■ oo 

^(c^too; ulp) = + 0(1)) , (7) 

\np, ecAU T{n) ^ 1, 
Kp=Ww-y ^c-^" l^r(n)^p, (8) 

In^^, ecAU T{n) ^ p, 

T{t) = r]{ip;t) — t, r]{tp;n) = (^^ip (n)) , 0(1) — eeAUHuna, paenoMepHO ospanuueHHasi 
no n u p. 



4 



KaK noKasano b paGoxe [16, c. 508], ecjiH z/; G -F h /3 G M, to ^jia BejiHHHHbi 

-"^,00) 



E^{ClJ= sup , inf ||/(.)-t„_i(-)||c 



ip — 1 € 'TTi — 1 



HaHjiyHinero paBHOMepnoro npH6jiH>KeHH5i Kjiacca xpHroHOMexpHHecKHMH nojinno- 

MaMH, nopaflOK KOTopbix He npeBbimaeT n — 1, HMeex mccto iiopaflKOBaa oij,eHKa 

EniClJ X ^(n) (9) 

(sanHCB a{n) x /3(n) oaHanaex, hto cymecTByioT KOHcxaHTBi Ki,K2 > xaKHe, hto 
Ki(5{n) ^ ^ K2P{n)). M.cxojis hs TeopeMbi 1 h oij;eHKH (9), npHxoflHM k cjie^yiomeMy 
yTBepjKfleHHK) . 

CjieflCTBHe 1. Uycrrib /3 G M, n,p G N, p ^ n. Tosda ecAU ip & F u p = p{n) maKoea, 
Hmo T{n) X p{n), mo 

mo ecmt cyMMU U^p{f', x) peaAusymm nopsidoK HauAyumezo paenoMepnoso npu6AUCHce- 
HUR KAacca ^. 

HpH — 7- 00, p — )■ 00 H T{n) = o{l)p{n) paBeHCTBo (7) ^aex pemeHHe safl^anm 
KojiMoropoBa-HnKOjiBCKoro j^jis cyMM U^p{f]x), nocKOjiBKy b stom cjiynae 

lim = lim Inp = 00. 

SaMexHM, HTo Ha Kjiacce C^'^ npn p — )■ 00 h n—p — 00 cyMMbi U^^p{f; x) = U^^p{f; x) 
oGecHeHHBaioT jiyHiuHH nopa^OK npnGjiHacenHa no cpaBHeHHio c KjiaccHHecKHMH cyMMaMH 
BajiJie HycceHa Vn.p{f',x). /JeficTBHTejibHo, ^jia cyMM Vn,p{f',x) HMeeT mccto, b nacxHo- 
CTH, cjie^yiomee acHMnxoTHHecKoe paBencxBO (cm., nanpHMep, [7, c. 130], [9, c. 10]) 



-o{n-p+l) 



+"Wl (l-e-.)3(n-p+l) +— Jj- (1°) 

r^e 0(1) — BejiHHHHa, paBHOMepno orpanHHeHHaa: no n, p, a n (3. ConocxaBjiaa (7) n (10) 
naxoflHM, nxo ecjin p = p[n) y^oBjiexBopaex ycjioBH3M 

P — 7- ?1 — P — > 00, 

xo 

lim ^iSi^ = o. 

KaK GbiJio oxMeneno panee, npn p = 1 cyMMbi U^p{f]x) coBna;];aiox c cyMMaMH Oypt>e 
Sn-i{f] x) nopa^Ka n—1. Hpn yxasannoM snanennn napaMexpap, h3 xeopeMbi 1 nojiynaeM 
cjie^yiontee yxBepjK^enne. 
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CjieflCTBHe 2. Uycmb ip^F^P^Mun^N. Tosda npu n — )■ oo 

S{Cl^; Sn-i) = ^P{n) (^^ ln+(r/(V^; n) - n) + 0(1)^ , (11) 

sde In^(t) = max{lnt,0}, rj{jp]n) = ip~^ (^^ip{n)^ , a 0(1) — eejiununa, paenoMepHO ospa- 
HUHCHHaH no P u n. 

PaBeHCTBo (11) nojiyneHo A.H. CTenaHij,oM (cm., nanpHMep, [16, c. 257]) h ^aex peme- 
HHe sa^aHH KojiMoropoBa-HnKOjibCKoro ^jih cyMM Oypbe b cjiynae, Kor^a npn n ^ oo 

ri{ip; n) — n ^ oo. 

HpH ■ip{t) = t""^, /3 = r (b 3TOM cjiynae ^ = W^, ri{ipi n) — n = (2^/^ — l)n) paBencTBo 
(11), npHHHMaex bh^ 

8{W''- Sn-i) = n-'- (\\nn + 0(1 

H ycxaHOBjieHO A.H. KojiMoropoBbiM [5] (npn r G N) h B.T. IlHHKeBHHeM [6] (npn r > 0). 

ConocTaBjieHHe cjie^cxBHa 1 c paBencTBOM (11) noKasBiBaex, hto b cjiynae, Kor^a 
T(n) — >■ oo, a napaMexp p = p{n) BtiGpan xaKHM oGpaaoM, htoGbi p{n) x T{n), cyMMti 
U^pif', x) ocymecTBjiaioT jiyninHH nopaflOK npnGjiHaceHHa na Kjiacce ^, hcm cyMMbi 
Oypte. 

HojiojKHB B TeopeMe 1 p = n h yHHTtiBaa, hto b stom cjiynae U^^{f; x) — o6o6iri;eHHi.ie 
cyMMbi SnrMyH^a Z^{f;x) {^p{k) = k/ilj{k), k G N), nojiynaeM. 

CjieflCTBHe 3. Uycmt} ip & F, (p{k) = k/ip^k), /3 G M n G N. Tosda npu n — )■ oo 

^{Cto.-, Z^) = [-^,At + 0(1)) , (12) 

sde 

Inn, ecAU T{n) ^ 1, 
Al= \ \n ecAU 1 ^ T{n) ^ n, 

In^^, ecAu T{n) ^ n, 

T{t) = rj^ijj^t) —t, ri{ip;n) = ip~^(^^ip{n)^, a 0(1) — ecAUHuna, paeHOMepno ospanuHeHHasi 
no (3 u n. 

riocKojiBKy B cHjiy onpeflejieHHii (4), p^jis jiioGoh (|)yHKii;HH G SfTtc 

T(n) X n 

H 501(7 C F, TO H3 (12) Haxo;];HM 

S{Cl^;Z^) = 0{mn), ^ G QJlc- (13) 
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BnpoHeM, 3Ta JKe oii;eHKa BbiTeKaex xaKJKe h3 cjie^cxBHa 1 npn p = n. 

HojiojKHB B (13) ipit) = t~^, r > (b 3TOM cjiyHae ^ = ^ h, cooTBexcTBeHHO, 
(/; = Znif; x), s = r + l), nojiynaeM 

^W,oo;^:) = 0(lK^ (14) 

OxMeTHM, HTo oii,eHKa (14) MOJKex GbiTb nojiyneHa h3 6ojiee tohhbix peayjit-TaTOB 
C.A. Teji3KOBCKoro [17] (cm. xeopeMy 7). 



3 ^OKasaxejibCTBO xeopeMbi 1 

nycTB / e rf^ H ^ G Wl', me 



oo 



(xaK noKasano b [16, c. 155], F C OJt'). Tor^a, b cHJiy xeopeMbi 4.1 paGoxbi [11, c. 71], b 

KaJKflOH TOHKe X G M flJIH BejIHHHHBI 

Pn,p(/; x) := f{x) - t/Jp(/; x) 

HMeex MecTo paBencxBo 



cc 

Pn,p(/; ^) = j + ^^n,p{t) dt, n G N, 



(15) 



rfle 



oo 



rn,p{^) ^ y ^",p(^i) COS (ut + j du, 



a 

YnpocTHM npaByio nacxb paBencxBa (15) c ii;ejibio Bbi;],ejieHH3 rjiaBHoro Hjiena BejiHHHHbi 

Pn,p{f]x). C 3TOH IJ,ejIbIO, HOJIOJKHM 

oo 

Tn,p+it) := ^ J Tn,p{u) COS Utdu (17) 



oo 

Tn,p-{t) ■= ^ J '^ri,p{u) sinutdu. 
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C ynexoM (17) h (18), paBencTBo (15) mojkho npe^cxaBHTt. cjieflyioin;HM oGpasoM 

oo 

Pn,p(/; X) = COS J fj^[x + ^)f„,p+(t) dt- 



— oo 

oo 



— sm 

2 



= COS ^pn,p+if; x) - sin ^pn,pM'^ x). (19) 

HocKOjibKy Kjiacc C^oo HHBapHaHxeH OTHOCHxejiBHO c^BHra apryMenxa (ecjiH / G 
C^g^, TO H (|)yHKii,Ha /i(-) = /(■ + h), h ^ M, xaKJKe npHHa^jiejKHx Kjiaccy C^^^), to 

fljia BejIHHHHbl (6) MOJKHO SaHHCaTB 

nct^;Utp)= sup |p„,,(/;0)|. (20) 

HcXO^a H3 (20), ^OCXaXOHHO OrpaHHHHTbCa paCCMOTpeHHeM OTKJIOHeHHH Pn,p{f] x) B TOHKe 

x = 0. 

/loKaJKCM cjie;];yioin;ee yxBepjK^^eHHe. 

JleMMa 1. Uycmb ip G /3 G M, n,p G N, p ^ n it Q;(n) — npouseoAbuasi nocAedoea- 
meAhHocmt deucmeumeAhHux hucca, ydoeAemeopfimvuux ycAoeum 

K 

a{n) ^ — , n G N, 
n 



sde K — HeKomopafi noAOMCumeAhHafi KOHcmaHma. Tosda Oam, npouaeoAhuou cfiyHKii^uu 

/3,oo 



/ G Ct ^ npu n -> oo UMeem Mecmo paeencmeo: 



p.,,(/;0) = (-l)^^ J /;(^)^^^^i^^^dt + 0(l)r„, (21) 



= ( - -, -a 



T 



(ra)?T,j 1^ ^a(n)n, — j , ecyiw a(n) ^ -, 

— a{n)n, ^ I J (—, a{n)n) , ecAU - < a{n) ^ 1, 

pJ ^ \p / p 



p/ ^ \p 

, 1, a(n) ^ i, , , 

. = .(a,p)= ' (22) 

oo 



l/a(n) Q(n) 



a 0(1) — ecAUHUHa, paenoMepHO ospanuueHHasi omHocumeAhHO 13, n up. 
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Hepeit^eM k flOKaaaxejibCTBy jieMMbi. 
/J^OKasameAhcmeo. B cHjiy (19), jieMMa Gy^ex ^oKaaana, ecjiH ycxaHOBHTb on;eHKH 



Pn,p+(/;0) 



-r 



TX 



(24) 



p„,4/;0) = (-1)^+1^ J /;(^)^dt + 0(l)r„. (25) 

HocKojibKy oii;eHKa (25) ycTaHaBjiHBaexca nofloGno oii,eHKe (24), to mbi orpaHHHHMca 
jiHinb ;];oKa3aTejibCTBOM oii;eHKH (24). 

Hpe^nojioJKHM, hto a{n) ^ i. IIpe^^cTaBHM BejiHHHHy pn^p+{f; 0) b BRj^e cyMMbi xpex 
HHxerpajioB 



\t\^a(n)n 

+ I /;(^)v,4t)rft+ 



1^ p 

HcriojiBsyH ^jih \t\ ^ a(n)n npe^cxaBjieHHe 



Tn,p+(^) 



il){n) f nu — n + p 



TT 



cos utdu-\ — / tp(nu) cos ut du, 

p 71 ' 



nojiynaeMoe h3 (16) h (17), naxo^^HM 



TT 



i 

y—J J cos utdudt- 



\t\^a(n)n 



1 

+ - 

TT 



j il){nu) cosutdudt. 



yHHXbiBas BKjiio'ieHHe fg G 5*00, cooxHomeHHe 



nu — n + p 
p 



cos ut du 



nu — n + p p 
du 



p 



2n 



(26) 



(27) 



(28) 



(29) 
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H ycjiOBHe a{n) ^ 1/p, hs (28) nojiynaeM 



oo 

1 / „il, / t 



IT 

\t\^a{n)n 



ft{£) ip{nu)cosutdudt + 0{l)i/j{n). (30) 



KaK ;];oKa3aHo b [16] (cm. (11.9) h (11.17)), ecjiH e Soo, to 

oo oo 

/ /^(^)/^McosMtc/Mc/t = 0(l)(^^(n)+ y ^ii±!?: 

|t|<a(n)n 1 l/a(n) 

TaKHM o6pa30M, h3 (30) naxo^HM 

/;(^)r„,p+(t)rft = 0(l)(^(n)+ I ^^^^rft). (32) 

|t|^a(n)n l/a(n) 

HepeiifleM k paccMoxpeHHio BToporo HHxerpajia b npaBoii nacxH (26). ^jih Bbi^ejieHHa 
ero rjiaBHoro Hjiena, ripe^cTaBHM BejiHHHHy r„^p+(t) b BH^e paBencxBa 

1 oo 

- t+\ ^f^^) f nu-n + p ij{n) ^ f lu N • +j ^QQN 

Tn,p+{t) = / COS utau smr / ip [nu) smut au, [66) 

n J p Tit TTt J 



n — p 



nojiynaeMoro h3 (27) nyxeM npeo6pa30BaHH5i BToporo HHTerpajia MexoflOM HHTerpnpoBa- 
HHH no nacTHM: 

OO 

ip {nu) COS ut du = ^ — sint — — / ip'{nu) sm. utdu. (34) 

1 

HoCKOJIBKy, KaK HeCJIOJKHO BHfleXb, HCXOfla H3 (29), 

1 

I /^^(^l) j !^}i^Jl±Pcosutdudt = 0{l), 

V n 

TO B CHjiy (33), 



a(n)n^\t\^^ 

ip{n) f ^,^ft\sint 



n J " \nJ t 

o(n)ns£|i|^^ 
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oo 



a{n)n^\t\i:'-^ 



/ ip\nu)siYiutdudt + 0{l)ilj{n). 



HepeiifleM k xpexbeMy HHxerpajiy b (26). JXBa.^jxhi HHxerpnpyH no nacxjiM b 
HHxerpajie npaBofl nacxH (33), npHxo^HM k paBencxBy 



oo 



Tn n+{t) = — ^ — ( cost — COS 1 ) / ip' inu) smut du. 

irt'^ p\ n / nt J 

1 

y6e>K;];a5icb b cnpaBe;];jiHBOcxH oi^chkh 

I /,*(^)i(co.*-c„=!i^<).*^0(l), 



' ' 1 

H3 (36) H (37) nojiynacM 



/;(^)r„,,+ (t)rft 



oo 

n r „,;, / t \ 1 



//T - - / i^'inu) sin utdudt + 0(lU(n). 
n \n/ t ' 



06x.eflHH33 (32), (35), (38) h oii,eHKy 



n 

\t\^a{n)n 



oo 

J '^'^'^'^) s^^utdudt 



o(i) / mjzjti^i±m,t, 



a{n) 

^OKasannyio b [16] (cm. (11.31)), h3 (26) naxo^HM 



/ r. N il'(n) f / t \ sint , 



t 



a(n)ns:|t|<ii 



l/a{n) a{n) 

PaccMoxpHM cjiynafl a{n) > -. HMcex Mecxo paBCHCXBO 



Pn,,+(/;0)= j /^^(^)f„,p+(t)rft+ 



I 1^1 
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^\t\^a(n)n 

ft{^rn,,+ {t)dt. (41) 



+ 

BocnojibsoBaBuiHCb npe^cxaBjieHneM (27) h oii;eHKofi (29), nojiynaeM 

t 



oo 

1 f .,,,/t 



IT 



■^^in) '^('^^)^^^'^^dudt + 0{l)ip{n). (42) 



B cHjiy (34) H (36), 



oo 



^ , , ip(n) smt If i/j(n) n { n — p \ 

Tnp+[t) = 1 — / tp{nu) cos ut du -\ — cost — cos 1). (43) 

71 t IT J Txt^ p \ n / 



Hcnojibsya (43) h yHHTbiBas, hto 

n f rih(^\^ ( n — p 



p 

f ^|t|<a(n)n 



a{n)n 



= 0(1)- J ^=0(1). 

n 
P 

nojiynacM ^jia BToporo HHTerpajia b (41) 

/ ;*(i),„„.,).«^^ / /;(^)^..+ 



oo 

1 f „ih ( t 



+ - 
TT 

^sC|t|=Ja(n)n 



ft[-) ip{nu)cosutdudt + 0{l)i/j{n). (44) 



HaxojK^eHHii oii;eHKH xpexbero HHxerpajia b npaBofl nacxH (41), BocnojiBsyeMca npe^- 
cxaBjicHHCM (36). Hmccm 



\t\'^a(n)n 



/ / fl — Ht cos t — COS 1 dt- 



\t\ '^a{n)n 
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oo 



(45) 



\t\'^a{n)n 

HocKOJibKy, KaK necjiojKHo BHfleTb 



n 
P 



/*(i)^(cos.-c„.!i^<)*^o(i);^ / 



TO, B CHjiy (39), H3 (45) nojiynaeM 



f;[-)?nMt)dt = 0{l)\^{n) + 

\t\^a{n)n a(n) 



i{n)n 



ip{n) -'ip{n + l/t) 



dt 



(46) 



OGT-e^HHiiJi (41), (42), (44), (46) h yHHTbiBaa (31), npHxoflHM k oii;eHKe 



Pn,p+(/;0) 



+0(l)U(n) + 



IT 



t \ sin t 



nJ t 



dt+ 



+ f ip{n) -ip{n + l/t) 



■dt + 



t 



dt . 



(47) 



l/a(n) a{n) 

Hs (40) H (47) cjie^yeT cnpaBe^jiHBocTb (24) npn a(n) > K 

J\jiii flOKaaaxejibCTBa jieMMbi b cjiyiae, Kor^a a{n) > 1, ^ocTaxoHHo npHMeHHXb k 
nepBOMy HHTerpajiy b (47) ycxaHOBjieHHyio b pa6oTe [10, c. 119] (jieMMa 5) oi],eHKy 



. sin ft + ^ 



t 



dt 



0(1), (f G 5*00, n oo, 7 G 



(4J 



|i|5!o*(n) 

r^e {a*(n)} = {a(n) : a{n) ^ nyr}. ^eflcxBHTejibHO, Hcnojibsya (48), nojiynaeM 



/ 



t \ sin t 



n/ t 



dt 



I no 



t \ sin t 



t 



dt + Oil] 



(49) 



^Si\t\<:a(n)n ^<\t\^n 

Vis (47) H (49) cjie^yex on;eHKa (24) b cjiynae, Kor^a a{n) > 1. JieMMa 1 ^OKasana. □ 

HOJIOJKHB B yCJIOBHH JICMMbl 1 

a{n) = a{il)\n) = \ , 

ri[ip; n) — n 

r^e ri{il)\n) onpe^ejiaeTCii 4)opMyjioH (3), a G -F (F C 971') n yHHTbiBaa ^OKasannbie b 
pa6oTe [16, c. 155, 156] oii;eHKH 



m 

t — n 



dt = 0{l)tp{n), \ftp G F, 



13 



ri{il);n) 



ft 

^{n)=fi{ij;n) = ^— ^ K > 0, y^P e F, (50) 

ri[ip] n) — n 

nojiynaeM cjie^yiomee yxBepac^eHHe. 

CjieflCTBHe 4. Uycmh G -F, /3 G M, n,p G N, p ^ n. Tosda Oaji npouseoAtHou cfiyHKii,uu 

lip 

/3,oo 



/ G Ct ^ npu n ^ oo cnpaeedAueo paeencmeo 



ade 



Pn,p(/;0) = (-ir^ J f;[-) ^rft + 0(l)^(n), (51) 

In 



In= (^-^, -/u(^)) U (yLt("'), ecytu /i(ra) ^ ^, 

In= /i(n), j [J /i(n) j , ecyiw ^ < fi{n) ^ n, 
X„ = ^ — n, j ^— , , ecAu ^{n) > n, 

Tl 



ri{i/j; n) — n 



[0, ^l{n) > ^, 

a 0(1) — eeAUHUHa, paenoMepno ozpanwHeHHasi no n up. 
/],ajiee, nojioacHM 

4. = (2A; + l-/3)^, A:gZ, 
Xk = tk + -, k eZ 

/(t) = /^' ^^[^fc'^fc+l]' = fco,fco + 1, • • • ^1 - 1,^2, + 1, . . . - 1, 

[O, t G (-cx),tfco) U (tfc3, cx)), 

rjie ko, ki, k2 VI k^ Bt>i6paHt.i thkhm o6pa30M, HTo6t>i 

n 

P 

tki < -Kit-) ^ iki+i, 

< K'lT') ^ tk2, 
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ecjiH /i(n) ^ ^, 



ecjiH ^ < fi{n) ^ n, H 



n 
P 

n 
P 

n 

ik2-l < — ^ 'tk2i 

P 

^fci < ^ tki+l, 

p 

n 

tk2-l < — ^ tk2, 

P 

tki < n ^ tfcs+i, 

ecjiH /i(n) > n. 

C ynexoM npHHaxbix o6o3HaHeHHH, HHTerpaji b npaBoii nacxH paBencTBa (51) mojkho 
npe^cxaBHTB b bh^c 

+ (54) 



r^e 



4:i= / /;(^)(^-/„(t))sin(t+^)rft, (55) 



'^o -'^ sin ft 



-a tk^ b tfcg 



flS =(/+/+/+ / !/?(-)— V^*. (56) 



n 



ra, /i(n) > n, 
If. M")>f. 

HoKaJKeM, HTO HMeiOT MeCTO OIJ,eHKH 

4!i = 0(1) (59) 
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(60) 



BbinojiHsa sjieMeHTapHbie npeoGpaaoBaHHsi b (55) h ynHTbiBaH, hto |/^(-)| ^ 1, HMeeM 



^=^0 k=k2 



HoCKOJIBKy 



tl. 





1 


1 


M> j 


1 


1 


/ 












1 






1 





dt, k Ell, 



TO 



1 1 



Xk 



dt<2 



1 1 

t Xk 



Xk 



dt = 2 



tk 



tk 



tk 



Xk - t 
\tXk\ 



Xk 



OGT^e^HHaH (61) H (62), nojiynaeM 



= 0(1) 



tkn 



dt f dt 

tk 



t2 



0(1) 



A.-2 



(it 

dt ^ n / — < vr 



0(1) max 



dt 



/i(n) 



riocKOJiBKy B cHjiy (50) /i(n) orpaHHHena CHHsy, to h3 (63) cjie^yeT oii;eHKa (59). 

YHHTblBaH COOTHOmeHHS 

tko + a < tka — tfco-i — 
-b - tk^ ^ tfci+i - ^fci = vr, 

^A;2 — b < tk2 — tfca-l = ^ 

H 

nocjie HecjiojKHbix npeoGpaaoBaHHfi h3 (56) naxo^^HM 



= O 



l^fcol 



:i). 



b b tk, 

06T.e;];HH33 (51), (54), (59) h (60), npnxo^HM k cJaopMyjie 

/ /.*(^)'»Wsm(« + f)*- 

(tfeQ>tfel)U{tfe2,tfe3) 

+0(l)V^(n). 



Pn,p(/;0) = (-i)^ 



(61) 



(62) 



(63) 



(64) 
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IIpHCTynHM K HaXOJK^eHHK) OIi;eHKH BejIHHHHbl S{C^ U^p). IIo^CTaBJIJIJI (64) B (20), 



HMeeM 



^(C?,oo; K) < ^ / \^n{t) Sin {t + ^)\dt + Oimn). (65) 



(tfeg i*fcl )U(ife2 t^k-j) 



HoKaJKeM, HTO 



I |/„(t)sin(t+^)|dt = l<^ + 0(l) 



n, 



(66) 



(67) 



Inp, ecjiH /i(n) > n. 

YHHTblBaa LteHTpajIbHO-CHMMeTpHHHOCTB OTHOCHTejIBHO TOHKH Xfc Ha [tk,tk+l], G Z 

4)yHKii,HH sin(t + Pn/2), HMeeM 



sin t 



tk 



(371 

'Y 

(fc+l)7r 



dt = 2 



sin t 



/37r 



dt 



tk 



2 y \smt\dt = 2 J costdt = 2. 

(fc+i)7r 



Oxciofla HOJiynaeM, hto 



/ M"-'('+T)l*=5:T^/h'"('+T) 



ks-l 



k=k2 



sm ( t + — 



,1 ,1 



k=ko k=k2 



riocKOjiBKy 



tk+1 -tk = 'K, k eZ, 



TO HMeex MecTO paBencTBO 



(6^ 



^ f-^ J \Xk\ 



k=ko 



k=ko 



1 /• rft 1 
7T J t IT ^ 



k=ko 



— + - Ut. 



(69) 
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Hcnojibsya oii;eHKy (62), nojiynaeM 



k=ko 



tk+l 



V - \dt 

Xk t 



1 1 

t Xk 



dt < 



tk 



^k ^kn 



k=ko I 

CoiiocTaBjiaa (69) h (70), naxoflHM 

fci-i 



y- 

jL^ It, 



1 r dt 



k=ko 



\Xk\ TT J t 



0(1). 



tkn 



Hcriojibsya o6o3HaHeHHH (57) h (58), aannmeM (71) b BH^e 



fci-i 



1 1 r dt 1 f dt 1 r dt ^, , 



k=ko 



\Xk\ IT J t IT J t H j t 



-h -b *fco 

I f dt f dt f dt , 

z I -+ j+ I - + 0(1). 



-a *fci 



t 



IIoCKOJIbKy 



TO 



-6 - tfci ^ vr 



= 0(1) max 
OGT^e^HHaa: (72) h (73), nojiynaeM 

ki-l 



0(1). 



TaKHM o6pa30M 



El 1 f dt ^.^ . I , a ^.^ . 



k=ko 
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rfle An^p onpe^ejiaeTCH cjDopMyjiofl (67). 

AHajiorHHHbiM o6pa30M ^^OKasbiBaexcH oii;eHKa 



hi-l 



k=k2 



(75) 



Ha (68), (74) h (75) cjie;i;yeT cooxHomeHHe (66). 
ConocxaBjiHa (65) h (66), naxo^^HM 



71^ 



(76) 



/I,ji5i oKOHHaxejibHoro ^oKasaxejibcxBa xeopeMbi ocxaexca rioKaaaxb, hto b (76) mojkho 
nocxaBHXB snaK paBencxBa. 

06o3HaHHM Hepea (poit) Taxyio 27r-nepHOflHHecKyio c|)yHKn;Hio, hto 



Mt)dt = 0, |v^o(t)|^l 



(fo (t) = sign (^In (nt) sin (nt + te[-l,l], 

r^e ln{t) onpe;];eji5iexc3 corjiacHO (53). Ohcbh^ho, hxo xaxaa 4)yHKn;Ha cymecxByex. Co- 
rjiacHo n. 7.2 pa6oxt>i [11, c. 136, 137], b Kjiacce ^, ijj E F nafl^exca 4)yHKii;H3 /o(i), 
fljia Koxopoii v'o(^) Sy^ex ee (^/j, /9)-npoH3BOflHOH. fljia /o(t) h3 (64) h (66) nojiynaeM 

paBCHCXBO 



|pn,p(/o;0)| 



n 



^0 



Init) sin {t + ^) dt 



+0{l)^{n) 



1 , \ ■ f /^^ 

ln[t) sm \^ + ^ 



dt + 0{l)i){n) 



{tkQ itfe]^ )U(ifc2 i*fc3 ) 



4 



^HK^L + o(i) 



TT 



(77) 



HoCKOJIBKy i^(C'^_oo) ^n,p) ^ |Pn,p(/o5 0) | , XO H3 (76) H (77) BblXCKaeX CnpaBe^JIHBOCXb 

xeopeMbi 1. 
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